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1. Introduction and Definitions 
To save space the reader is referred to Hedayat and 
Seiden (1970) and Hedayat, Raghavarao, and Seiden (1975) 
for the definition of an F-square and a complete set of 
orthogonal F-squares. 
Euler proved in the eighteenth century that a cyclic 
latin square of even order has no orthogonal latin square 
mate. Bose (1938) showed the one-to-one correspondence be-
tween finite fields and a complete set of orthogonal latin 
squares. Hence cyclic latin squares do not belong in any 
finite field. We will show that despite this the cyclic 
latin square of order 4 has orthogonal F-square mates and can 
in fact be embedded in a complete set of orthogonal F-squares 
of order 4. 
• 
2 • The Cyclic Latin Square of Order 4 
Consider the following cyclic 4 'X 4 latin square: 
1 2 3 4 
4 1 2 3 
3 4 1 2 
2 3 4 1 
We first find the 3 orthogonal F-squares that this latin 
square decomposes into. This involves decomposing the 3 
degrees of freedom for treatments of the latin square into 
3 single degree of freedom orthogonal contrasts. We know 
that the following decomposition is possible: 
d. f • 
• Treatments on latin square 3 
cl = 1 + 2 - 3 - 4 1 
c2 = 1 - 2 + 3 - 4 1 
c = 1 - 2 - 3 + 4 1 3 
These contrasts can of course be obtained from the Hadamard 
matrix of order 4: 










into from contrast one we map symbols 1 and 2 from the latin 










which is an F(4; 2,2) - square. To obtain F2 from contrast 












We can check and see that F1 is orthogonal to F2 , F1 is 
orthogonal to F3 , and F2 is orthogonal to F3 • Hence the 
cyclic latin square of order 4 decomposes into three orthogonal 
F(4; 2,2) - squares . 
By Hedayat, Raghavarao, and Sieden (1975) a complete 




embedd the cyclic latin square of order 4 in a complete set 
of orthogonal F-squares we need to find 6 orthogonal F-squares 
that are orthogonal to F1 , F2 , and F 3 so that we will have the 
complete set of 9 orthogonal F-squares. 
To obtain our F-squares we form the multiplication 
tables of the rows of the Hadamard matrix H with F1 , F2 , 
and F 3 • The multiplication tables of the rows of H with 
F1 are: 
• + + + + + + 
+ + + + + + 
+ + + + + + 
+ + + + + + 
+ + + + + + 
+ + + + + + + + 
+ + + + 
= = = 
+ + + + 
+ + + + + + + + 
The multiplication tables of the rows of H with F2 are: 
+ + + + • + + 
+ + + + + + 
+ + + + + + 
+ + + + + + 
+ + + + + + 
5 
+ + + + + + + + 
• +. + + + = = = 
+ + + + + + + + 
+ + + + 
Fs F6 
The multiplication tables of the rows of H with F3 are: 
+ + + + • + + 
+ + + + + + 
+ + + + + + 
+ + + + + + 
+ + + + + + 
• + + + + + + + + 
+ + + + + + + + 
= = = 
+ + + + 
+ + + + 
F7 
Likewise we form the multiplication tables of the columns of 
H with Fl' F2' and F3: 
• 
+ + + + + + - + + + 
+ + + + + + + 
+ + + + + + + 
• + + + + + + + ' 
6 
+ + + + + + 
• + + + + + + = = = 
+ + + + + + 
+ + + + + + 
F7 
• • 
+ + + + + + + + + 
+ + + + + + + 
+ + + + + + + 
+ + + + + + + 
+ + + + + + 
+ + + + + + 
• 
= = = 
+ + + + + + 
+ + + + + + 
Fa Fg 
• • 
+ + + + + + + + + 
+ + + + + + + 
+ + + + + + + 
+ + + + + + + 
+ + + + + + 
+ + + + + + 
= = = 
+ + + + + + 
• 






we see that six F(4; 2,2) - squares are obtained F4 ,F5 ,F6 ,F7, 
F 8 , and F 9 (with F4 and F7 being constructed twice). We 
can check to see that the 6 F-squares are mutually orthogonal 
and also are orthogonal to F1 , F2 , and F 3 . Hence the cyclic 
. 
latin square of order four is orthogonal to the six orthogonal 
"\ 
F-squares F4 , F5 , ..• , F9 • We have therefore shown by con-
struction that there exists a latin square, not belonging 
in any finite field, which is a member of a complete set of 
orthogonal F-squares. 
3. Mateless Latin Squa~es of Order Other Than 4. 
The existence and construction of complete sets of or-
thogonal F-squares obtained from mateless latin squares of 
order not equal to 4 is still an open problem. The above 
procedure can only be used of course when there exists '.a 
Hadamard matrix of order n = 4t. Unfortunately only n = 4 
yields a Hadamard matrix H that has the following desired 
property. Any cyclic permutation of any row of H gives a 
row of H or the negative of a row of H • For example 
cyclicly permuting row two of H we get 
+ + = pl 
+ + = p2 
+ + = p3 
+ + = p4 
Note that P1 is row two of H, P2 is the negative of 





P4 is row four of H. The importance of this property 
can be seen if we look at the construction procedure used. 
If th~s property did not hold, the squares obtained from the 
multiplication tables will not meet the F-square definition. 
One can check to see that Hadamard matrices of order n ~ 4 
do not have this peoperty hence some construction procedure 
other than the one above needs to be developed. 
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